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In this paper, we study the dynamics of the Bose-Hubbard model by using time-dependent
Gutzwiller methods. In particular, we vary the parameters in the Hamiltonian as a function of
time, and investigate the temporal behavior of the system from the Mott insulator to the superfluid
(SF) crossing a second-order phase transition. We first solve a time-dependent Schro¨dinger equation
for the experimental setup recently done by Braun et.al. [Proc. Nat. Acad. Sci. 112, 3641 (2015)]
and show that the numerical and experimental results are in fairly good agreement. However, these
results disagree with the Kibble-Zurek scaling. From our numerical study, we reveal a possible
source of the discrepancy. Next, we calculate the critical exponents of the correlation length and
vortex density in addition to the SF order parameter for a Kibble-Zurek protocol. We show that
beside the “freeze” time tˆ, there exists another important time, teq, at which an oscillating behavior
of the SF amplitude starts. From calculations of the exponents of the correlation length and vortex
density with respect to a quench time τQ, we obtain a physical picture of a coarsening process.
Finally, we study how the system evolves after the quench. We give a global picture of dynamics of
the Bose-Hubbard model.
PACS numbers: 67.85.Hj, 03.75.Kk, 05.30.Rt
I. INTRODUCTION
In recent years, ultra-cold atomic gas systems play an
very important role for the study on the quantum many
systems because of their versatility and controllability.
Sometimes they are called quantum simulators [1–4]. In
this paper, we focus on the dynamical behavior of many-
body systems for which ultra-cold Bose gas systems are
feasible as a quantum simulator.
The problem how a system evolves under a change
in temperature crossing a second (continuous) thermal
phase transition has been studied extensively. For this
problem, Kibble [5, 6] pointed out from the view point of
the cosmology that the system exhibits non-equilibrium
behavior and the phase transitions lead to disparate lo-
cal choices of the broken symmetry vacuum and as a re-
sult, topological defects are generated. Later, Zurek [7–9]
suggested that a similar phenomenon can be realized in
experiments on the condensed matter systems like the
superfluid (SF) of 4He. After the above seminal works
by Kibble and Zurek, there appeared many theoretical
and experimental studies on the Kibble-Zurek mecha-
nism (KZM) [10]. Experiments with ultra-cold atomic
gases were done to verify the KZ scaling law for expo-
nents of the correlation length and the rate of topological
defect formation with respect to the quench time [11].
In this paper, we shall study how low-energy states
evolve under a ramp change of the parameters in the
Hamiltonian crossing a quantum phase transition (QPT),
i.e., the quantum quench [12–22]. This problem is also
attracted great interest in recent years, and experiments
investigating dynamics of many-body quantum systems
through QPTs were already done using the ultra-cold
atomic gases as a quantum simulator [23–26]. Works in
Refs. [23, 24] questioned the applicability of the KZ scal-
ing theory to the QPT, whereas Ref. [25] used a spin-
1 Bose-Einstein condensation (BEC) with a small size
in order to avoid domain formation and concluded that
the satisfactory agreement of the measured scaling ex-
ponent with the KZ theory was obtained. In Ref. [26],
BECs in a shaken optical lattice were studied. There,
BECs exhibit a phase transition from a ferromagnetic to
anti-ferromagnetic spatial correlations, and the observed
results were in good agreement with the KZ scaling law.
The above facts indicate the necessity of the further stud-
ies on the dynamics of quantum many-body systems. In
this paper, we focus on the two-dimensional (2D) Bose-
Hubbard model (BHM) [27, 28], which is a canonical
model of the bosonic ultra-cold atomic gas systems. In
particular, we investigate the out-of-equilibrium evolu-
tion of the system under the linear ramp. In our study,
the system starts from equilibrated Mott insulator and
passes through the equilibrium phase transition point to
the SF. From the experimental point of view, this is an
ideal setup to observe dynamics of a quantum phase tran-
sition and to test Kibble-Zurek conjecture in ultra-cold
atomic gases.
This paper is organized as follows. In Sec. II, we intro-
duce the BHM and explain the protocol of the quench.
The time-dependent Gutzwiller (tGW) methods [29–35]
are briefly explained.
In Sec. III, we show the numerical results obtained
for the quench protocol employed in the experiment in
Ref. [24]. Concerning to the exponent of the correlation
length, the experiments and our calculations are in fairly
good agreement, whereas the KZ scaling theory using the
3D XY model exponents disagrees with these measure-
ments. We reveal a possible source of this discrepancy
by examining the behavior of the BEC as a function of
2time.
Section IV gives detailed study on the BHM for the
KZ original protocol [10]. We first exhibit the temporal
behavior of the BEC amplitude, and show the snapshots
of the local density and phase of BEC and also the vor-
tex configuration. From these observations, we point out
the existence of another important time, teq, besides the
“freeze” time tˆ. Calculations of the exponents of the cor-
relation length, ξ, and vortex density, Nv, at t = tˆ and
t = teq indicate that rather smooth evolution of the sys-
tem takes place from tˆ to teq. In this regime, typical time
scale and typical length scale are given by tˆ and the cor-
relation length ξ(tˆ), respectively. After teq, a substantial
coarsening process takes place that accompanies oscilla-
tion of the density of the BEC. Physical picture of the
evolution of the system in the quench is given.
We introduce the time tex at which the above men-
tioned density oscillation of the BEC terminates. In
Sec. V, we investigate how the system evolves after tex,
in particular, if the system settle down to an equilibrium
state.
Section VI is devoted to conclusion and discussion. In
particular, we discuss the experimental setup to observe
phenomena studied in the work.
II. BOSE-HUBBARD MODEL AND SLOW
QUENCH
We shall consider the Bose-Hubbard model Hamilto-
nian of which is given as follows,
HBH = −J
∑
〈i,j〉
(a†iaj +H.c.) +
U
2
∑
i
ni(ni − 1)
−µ
∑
i
ni, (1)
where 〈i, j〉 denotes nearest-neighbor (NN) sites, a†i (ai)
is the creation (annihilation) operator of boson at site i,
ni = a
†
iai, and µ is the chemical potential. J(> 0) and
U(> 0) are the hopping amplitude and the on-site repul-
sion, respectively. For J ≪ U , the system is in a Mott
insulator, whereas for J ≫ U , the SF forms. For the 2D
system at the unit filling, we estimated the critical value
as (J/U)c = 0.043 by using the static Gutzwiller meth-
ods. In the present paper, we consider these parameters
are time-dependent as they are to be controlled in the
experiments, i.e., J = J(t) and U = U(t).
Detailed protocols will be explained in the subsequent
section in which calculations are given. However, a typ-
ical protocol of the KZM employed in this work is the
following;
1. In the practical calculation, we fix the value of U
as the unit of energy. [U = 1.]
2. Time t is measured in the unit ~/U .
3. The hopping amplitude is varied as
J(t)− Jc
Jc
≡ ǫ(t) = t
τQ
, (2)
where Jc is the critical hopping for the fixed U and
τQ is the quench time, which is a controllable pa-
rameter in experiments.
We solve a time-dependent Schro¨dinger equation for the
system HBH with J(t) from t = ti(< 0) to t = tf(> 0).
At t = ti, the system is in the Mott insulator phase.
On the other hand, at t = tf , the resulting system is
in the SF parameter region. The hopping J(t) is lin-
early increased with time and approaches to the criti-
cal value Jc at t = 0. However, because of the rapid
increase of the relaxation time, tr, the system cannot
follow the change in J(t), and the adiabatic process is
terminated at t = −tˆ. As the relaxation time is given
as tr = ǫ(t)
−zν ≡ |J(t)−JcJc |−zν = | tτQ |−zν , the condition
tr = tˆ gives tˆ = (τQ)
zν/(1+zν), where ν is the critical ex-
ponent of the correlation length and z is the dynamical
critical exponent. The relaxation time then decreases af-
ter passing through the phase transition point and then
the system reenters the “adiabatic regime”. The regime
between (−tˆ, tˆ) is sometimes called a “frozen” region, but
the system evolves slowly compared with the relaxation
time even in the frozen regime.
The KZM predicts the scaling law of the correlation
length ξ(t) and the vortex density Nv(t) at t = tˆ as
ξ(tˆ) ∝ (τQ)ν/(1+zν) and Nv(tˆ) ∝ (τQ)−2ν/(1+zν). We
shall investigate the above KZ scaling law in the present
work by using the tGW methods. We mostly focus on
the unit filling case although to study other fillings is
straightforward.
We employ the tGW methods for the calculation [29–
35], which are efficient for numerical simulations of the
real-time dynamics of 2D or higher dimensional systems.
During time evolution, the particle-number conservation
is satisfied by using small enough (dimensionless) time
step dt (O(dt) . 10−4). Similarly for isolated systems,
the tGW methods satisfy the total energy conversation
during time evolutions.
In tGW approximation, the Hamiltonian of the BH
model [Eq.(1)] is devised into a single-site Hamiltonian
Hi by introducing the expectation value Ψi = 〈ai〉,
HGW =
∑
i
Hi,
Hi = −J
∑
j∈iNN
(a†iΨj +H.c.) +
U
2
∑
i
ni(ni − 1)
−µ
∑
i
ni, (3)
where iNN denotes the NN sites of site i. Then, the GW
wave function is given as,
|ΦGW〉 =
Ns∏
i
( nc∑
n=0
f in(t)|n〉i
)
, nˆi|n〉i = n|n〉i, (4)
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FIG. 1. Exponents of the correlation length b for the protocol
in Ref. [24]. The results are in fairly good agreement with the
measurements reported in Ref. [24]. However, they do not
agrees with the value predicted by the KZ scaling hypothesis.
where Ns is the number of the lattice sites and nc is the
maximum number of particle at each site. For the study
on the unit filling case, 〈ni〉 = 1, we verified that nc = 6
is large enough. In terms of {f in(t)}, the order parameter
of the BEC is given as,
Ψi = 〈ai〉 =
nc∑
n=0
√
nf i∗n−1f
i
n, (5)
and {f in(t)} are determined by solving the following
Schro¨dinger equation for various initial states corre-
sponding to the Mott insulator,
i~∂t|ΦGW〉 = HGW(t)|ΦGW〉. (6)
The time dependence ofHGW(t) in Eq.(6) stems from the
quench J → J(t). For solving the Schro¨dinger equation
(6), we use the fourth-order Runge-Kutta methods [36].
We have verified that the total energy of the system is
conserved for the case of the constant values of J and U .
In the calculations in the following sections, observables
are averaged at fixed t over 10 initial configurations [37].
III. NUMERICAL STUDY FOR EXPERIMENT
PROTOCOL
Recently, experiments on the quantum dynamical be-
havior of ultra-cold atomic systems were performed.
Among them, the experiment by Braun et al. measured
the exponent of the correlation length b, ξ ∝ (τQ)b, in
one, two and three-dimensional systems [24]. Their pro-
tocol is the following; the system at first locates in the
Mott insulator region with certain initial value (U/J)i.
Then (U/J) is decreased passing through the critical
value (U/J)c and the quench is terminated in the SF
region with (U/J)f . They call τQ = tf − ti, where ti (tf)
is the starting (ending) time of the quench. In the exper-
iment, (U/J)i/(U/J)f ≈ 35.
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FIG. 2. Temporal evolution of the amplitude of the order
parameter |Ψ| for the protocol in Ref. [24]. Critical point, tˆ
and time of measurement in Ref. [24] are indicated.
We calculate the physical quantities such as the order
parameter of the BEC, correlation length ξ, vortex num-
ber Nv, etc. The correlation length ξ and vortex number
Nv are defined as follows,
〈Ψ∗iΨj〉 ∝ exp(−|i− j|/ξ),
Nv =
∑
i
|Ωi|,
Ωi =
1
4
[
sin(θi+xˆ − θi) + sin(θi+xˆ+yˆ − θi+xˆ)
− sin(θi+xˆ+yˆ − θi+yˆ)− sin(θi+yˆ − θi)
]
, (7)
where θi is the phase of Ψi and xˆ (yˆ) is the unit vector in
the x (y) direction. Adopting the experimental setup in
Ref. [24] for the protocol, we calculated the correlation
length for various values of (U/J)f , and the obtained re-
sults for the correlation-length exponent b are shown in
Fig. 1. We used 10 samples as the initial state of the Mott
insulator, in which particle numbers at sites have small
fluctuations whereas relative phases of {f in(ti)} fluctuate
strongly. Fig. 1 shows that the exponent b is almost con-
stant for various values of (U/J)f , i.e., b ≃ 0.6−0.7. This
result is in fairly good agreement with the measurements
of the experiment for the 2D system [24] although there
is a small but finite increase of b for (U/J)f = 2.0−3.0 in
the experimental measurements. In Ref. [24], the mea-
sured result was compared with the value of the KZ scal-
ing, i.e., b = ν/(1 + zν). The 3D XY model has the
exponents ν = 0.672 and z = 1 [38], and therefore KZ
scaling predicts b = 0.402. It is obvious that the above
value disagrees with the measurements. From this fact,
it was concluded that the KZ scaling and KZM could
not be applicable to the 2D quantum phase transition in
Ref. [24].
The above results should be carefully examined to find
a possible source of the discrepancy. To this end, we
calculated the average amplitude of the BEC, |Ψ| =
1
Ns
∑
i |Ψi| as a function of time. The result is shown
in Fig. 2. |Ψ| exhibits an interesting behavior as first ob-
served in Ref. [35] for the sudden quench. After crossing
4the critical point, |Ψ| keeps a very small value. After tˆ,
it increases very rapidly and then it starts to oscillate.
As we show later, this is a typical behavior of |Ψ|. We
determined the time tˆ as |Ψ(tˆ)| = 2|Ψ|criticalpoint as in the
previous paper [39]. In Fig. 2, we also indicate tˆ and the
time at which the measurement of the correlation length
was done in Ref. [24]. The KZM and KZ scaling should
be applied for the region near tˆ, whereas the measure-
ment was performed in the oscillating regime. We think
that this is the source of the above mentioned discrep-
ancy. That is, there exists at least two distinct temporal
regimes in which the system in quench exhibits different
dynamical behaviors. In fact, the calculation of |Ψ| in
Fig. 2 shows that there exists another important time,
which we call teq, for the evolution of the BEC under a
slow quench. At time teq, the BEC starts to oscillate,
and it is expected that a certain important coarsening
process takes place after teq. We expect that the KZ scal-
ing is only applicable for the regime from tˆ to teq.
In the subsequent sections, we shall reveal the dynami-
cal behavior of lattice boson systems in quantum quench
and verify the above expectation.
IV. EVOLUTION OF BEC ORDER
PARAMETERS, VORTEX DENSITY AND
CORRELATION LENGTH FOR KZM
PROTOCOL
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FIG. 3. Temporal evolution of the amplitude of the order
parameter |Ψ| for the KZ protocol. Critical point, tˆ and teq
are indicated. In this protocol with τQ = 50, tˆ ≈ 14 and
teq ≈ 27.
In the previous section, the possible source of the dis-
crepancy between the experimental results in Ref. [24]
and the KZ scaling prediction was pointed out. In this
section, we numerically study the dynamics of the Bose-
Hubbard model in the quench of the KZ protocol and see
if the KZ scaling holds. We put the initial time ti = −τQ,
and then from Eq.(2), J(ti) = 0, i.e., the system is in the
deep Mott insulator. On the other hand, the quench ter-
minates at tf = τQ, i.e., J(tf) = 2Jc. The system size is
100× 100 for most of our numerical studies, whereas we
have verified system-size dependence when we judged its
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FIG. 4. Snapshots of |Ψi| for various times (a)-(d) indicated in
the upper panel. SF local amplitude is getting larger. Domain
structure at t = 30 tends to disappear at t = 100. Unit of
time is ~/U .
necessity.
The calculated BEC amplitude |Ψ| is shown in Fig. 3,
which exhibits a similar behavior to that in Fig. 2. In
Fig. 4, we show typical snapshots of the local amplitude
|Ψi|. Just after passing cross the critical point, |Ψ| is
very small, whereas from t = tˆ to t = teq, |Ψ| develops
very rapidly. We notice that teq/tˆ ≈ 2, and therefore this
period is rather short. However, |Ψ(teq)|/|Ψ(tˆ)| ≈ 30. It
is obvious that the clear domain structure forms at t = 30
and the sizes of domains are rather large. On the other
hand after the oscillating behavior, a homogeneous state
of |Ψi| forms at t = 100.
It is also interesting to see phases of Ψi. See Fig. 5.
Just after the critical point, small domains form, and for
t = 15− 100, sizes of domains are getting larger and the
local amplitude |Ψi| and phase of the BEC have apparent
correlations for t = 30. We have verified that similar
correlations between the local density and phase of the
SF order parameter exist for other t(< 100). After the
amplitude |Ψ| terminates the oscillation at t = 100, there
still exists a domain structure in the phase of Ψi. This
makes the correlation length finite although the order
parameter has a large amplitude.
5(a) t = 5 (b) t = 15
(c) t = 30 (d) t = 100
3.14
-3.14
FIG. 5. Snapshots of phase of Ψi for various times corre-
sponding to Fig. 4. Size of domains is getting larger, but the
domain structure remains even at the end of the oscillating
behavior of the amplitude of |Ψ| [t = 100]. Unit of time is
~/U .
(a) t = 5 (506) (b) t = 15 (96)
(c) t = 30 (46) (d) t = 100 (14)
1.0
-1.0
FIG. 6. Snapshots of vortex Ωi for various times correspond-
ing to Fig. 4. The numbers in the parentheses are the number
of (vortex) + (anti-vortex), i.e., Nv. Unit of time is ~/U .
We also show the vortex configurations and the number
of vortex in Fig. 6. At t = 15, a substantial decrease of
vortices has already taken place from the moment passing
across the critical point.
From the above calculations, we expect that some-
what smooth evolution of the phase of the BEC takes
place between tˆ and teq although its amplitude |Ψ| in-
creases rapidly. In fact, this expectation is supported by
the calculations of the correlation length and the vortex
density at tˆ and teq, i.e., we have ξ(teq)/ξ(tˆ) ≈ 2 and
Nv(teq)/Nv(tˆ) ≈ 0.3. This observation is one of the key
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FIG. 7. Exponents of the correlation length b and vortex den-
sity d at t = tˆ. Correlation length ξ(tˆ) exhibits a clear scaling
law for τQ = 20 ∼ 400, whereas vortex density Nv(tˆ) shows
anomalous behavior for τQ > 100. Source of this behavior is
discussed in the text.
points for understanding dynamics and coarsening pro-
cess for the SF formation in the Bose-Hubbard model as
we shall show. It should be remarked here that the evolu-
tion of the system is a non-adiabatic and off-equilibrium
phenomenon from tˆ to teq, and also in the oscillation pe-
riod.
In order to see if the KZ scaling hypothesis holds, we
calculated the exponents b for the correlation length ξ ∝
τbQ and d for Nv ∝ τ−dQ both at t = tˆ and t = teq for
various τQ [20 ≤ τQ ≤ 400]. If b and d have close values
at t = tˆ and t = teq, the smooth evolution picture of
the BEC between tˆ ∼ teq has further supports. We show
the results in Figs. 7 and 8. From τQ = 20 to 100, the
correlation length and vortex density both exhibit scaling
law and the exponents for the data at t = tˆ and t = teq
are close with each other. For τQ > 100, the vortex
density Nv(tˆ) shows anomalous behavior although the
other quantities satisfy the scaling law up to 400. We
have verified that this anomalous behavior of Nv(tˆ) is
not a finite-size effect by calculating Nv(tˆ) for the system
size (64 × 64). To understand this result, we show the
values of J(tˆ) for various τQ. See Table I. As τQ is getting
larger, J(tˆ) is getting closer to the critical point. Just
after passing through the critical point, a large number
of vortices exist and as a result, a proper scaling law does
not hold.
The exponents b and d are estimated as b ≈ 0.3 and
d ≈ (0.45 − 0.55). It should be remarked that these
values are not in agreement with those obtained by the
exponents of the 3D XY model (b = 0.402, d = 0.804),
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FIG. 8. Exponents of the correlation length b and vortex
density d at t = teq. Both correlation length ξ(teq) and vortex
density Nv(teq) exhibit a clear scaling law for τQ = 20 ∼ 400.
For τQ ≤ 100, the exponents b and d have close values with
those at t = tˆ.
TABLE I. The values of J(tˆ) for various τQ. The critical
value of the Mott-SF phase transition is Jc = 0.043.
τQ 20 40 60 80 100 200 400
J(tˆ) 0.065 0.057 0.054 0.052 0.051 0.048 0.046
nor those by the mean field theory (b = 0.25, d = 0.5
from ν = 1/2 and z = 2), but they are rather in-between.
Critical exponents of the Bose-Hubbard model obtained
by the Gutzwiller methods might be different from those
of the simple mean-field-theory. This problem is under
study and we hope that the results will be reported in
the near future.
In order to certify the similarity of the states at t = tˆ
and t = teq for τQ ≤ 100, we furthermore investigated the
scaling law of t = tˆ and t = teq with respect to τQ. The
results are shown in Fig. 9. It is obvious that t = tˆ and
t = teq have very close exponents, i.e., tˆ(τQ) ∝ teq(τQ). It
is interesting that the scaling law holds up to τQ = 400,
the maximum value of the present numerical study.
From the above consideration, we conclude that from
t = tˆ to t = teq, smooth evolution of the phase degrees
of freedom of the BEC and the topological defects, i.e.,
vortices, takes place although the rapid increase of the
amplitude of the order parameter occurs there. That is,
from t = tˆ to t = teq, the system in the quench experi-
ences a smooth coarsening (phase-ordering) process. In
Ref. [16], the scaling hypothesis, which states that all
observables depend on a time t through t/tˆ and on a dis-
 10
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FIG. 9. Scaling law of tˆ and teq with respect to τQ. Both tˆ
and teq satisfy almost the same scaling. Therefore, tˆ(τQ) ∝
teq(τQ).
FIG. 10. Physical picture of the coarsening process from teq
to tex. Dense regions in an inhomogeneous state have robust
BEC, whereas a homogeneous state has large SF flows by
phase-ordering process.
tance x through x/ξ(tˆ), was proposed. It is naturally
expect that this hypothesis holds in the time region from
tˆ to teq.
On the other hand as Fig. 5 shows, a strong coars-
ening process occurs in the amplitude oscillating regime
after t > teq. We measured the time evolution of the av-
erage kinetic and on-site interaction energies separately,
and found that they synchronize with the behavior of the
BEC. When the amplitude of the BEC is large, the ki-
netic (interaction) energy is small (large), whereas when
the amplitude of the BEC is small, the kinetic (inter-
action) energy is large (small). From these observation,
we have got a physical picture of the coarsening process
7such that the large amplitude of the BEC comes from an
inhomogeneous particle distribution and the small am-
plitude state accompanies a SF flow to make the system
homogeneous. As a result, domains are getting larger in
the oscillating regime. See Fig. 10.
V. BEHAVIOR AFTER QUENCH
In the previous section, we observed the dynamics of
the BEC after passing through the critical point, and
have obtained the physical picture of the evolution. The
oscillating behavior of the BEC is getting weak and fi-
nally terminates at certain time, which we call tex. How-
ever, the phase of the order parameter of the BEC is
still not uniform and topological defects exist at t = tex.
Therefore one may wonder to which state the BEC ap-
proaches after the quench. This is an important prob-
lem from the view point of the statistical mechanics, i.e.,
whether an equilibrium state forms or inhomogeneous
amorphous like state persists [40]. As the system af-
ter the quench is an isolated system and therefore the
total energy is conserved. Then, both of the above two
scenarios are possible.
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FIG. 11. Long-time behaviors of the order parameter of BEC.
τQ = 50.
In order to study the above problem, we observed the
long-time behavior of the system after the quench. Local
amplitude |Ψi| and phase degrees of freedom were cal-
culated for a long period and the results are shown in
Fig. 11. Local amplitude |Ψi| is rather homogeneous al-
ready in the intermediate regime, as we observed in the
previous section. On the other hand, the phase of BEC
has a domain structure for a rather long period, whereas
the system finally results in a fairly uniform state. In fact,
the state at t = 1000 in Fig. 11 does not have topological
vortices. (Small but finite fluctuations in the phase of
the BEC are inevitable even in the SF.) The coarsening
process to this state might be understood by the phase-
ordering study done in 1990’s [41]. As the uniform BEC
is expected to have a lower energy that the amorphous
like state, some amount of energy might have transfered
to the particles that are not participating the BEC. These
problems are under study and we hope that results will
be published in the near future.
VI. CONCLUSION AND DISCUSSION
In this paper, we have obtained the global picture of
the dynamics of the quantum phase transition from the
Mott insulator to SF by using the tGW methods. We
focused on dynamical quantum phase transition in the
2D system, for which it is difficult to apply state-of-the
art numerical simulations such as the time-dependent-
density-matrix-renormalization group and time-evolving-
block decimation. We first examined the recent ex-
perimental measurements of the exponent of correlation
length in Ref. [24], and showed that our numerical study
gives almost the same values of the exponent. We also
pointed out the possible source of the discrepancy be-
tween the KZ scaling hypothesis and the above experi-
mental and numerical results.
Then, we studied dynamical behavior of the Bose-
Hubbard model in the quench by solving the time-
dependent Schro¨dinger equation by the tGW methods.
We found that the amplitude of the BEC exhibits the in-
teresting behavior and there exist other important time
scales teq and tex, besides tˆ. The existence of the time
scale teq was discussed in Ref. [39], and the amplitude
of the BEC develops very rapidly from tˆ to teq. On the
other hand from teq to tex, the BEC amplitude oscillates
rather strongly. In order to understand these behaviors,
we calculated the local amplitude, local phase of the BEC
order parameter, and vortex density. From tˆ to teq, rather
smooth coarsening process takes place in spite of the large
increase in the BEC amplitude. In contrast to this pe-
riod, from teq to tex, hard coarsening process occurs. The
phase-ordering process accompanies local fluctuations of
the particle density as well as the BEC order parameter.
In order to study whether the KZM-like scaling holds
in the quench dynamics, we calculated the correlation
length and vortex density as a function of the quench
time τQ. We obtained the exponents b and d and found
that these have very close values at t = tˆ and teq. This
8TABLE II. Tuning of on-site interaction in the case t = 1→
0.1[ms] in recent experimental systems. λ is wavelength of an
optical lattice. ER is recoil energy, ER = h
2/(2mλ2) (m is
atom mass).
λ [nm] ER/h [kHz] U [ER]
Ref.[24] 39K 736 9.4 0.17
Ref.[42] 87Rb 738 4.2 0.38
Ref.[23] 87Rb 812 3.5 0.45
result supports the physical picture such that the evolu-
tion of the BEC from tˆ to teq is rather smooth from the
view point of the phase-ordering coarsening process. An-
other important observation that we have is that for very
slow quench τQ → ∞, the vortex density at t = tˆ does
not satisfy a simple scaling law. This comes from the
fact that tˆ is getting large but simultaneously J(tˆ)→ Jc
in this case. For experimental setups, this observation
might be useful.
Finally, we observed how the system evolves after tex
as the state after the quench has an amorphous-like do-
main structure. We found that this domain structure
remains rather long time but at the end the system set-
tled in a uniform state and we think that this state is an
equilibrium state.
It is useful to comment on the experimental setup to
observe the new findings in the present work. In particu-
lar for experiments on ultra-cold atomic gases, it is useful
to show tuning conditions of the on-site interaction en-
ergy U . In the experimental setups, a typical upper limit
of the holding time in practical experiments is 100[ms]
[42]. U is changed by Feshbach resonance technique. As
an example, Table.II shows the tuning condition of U
for recent experimental systems with 39K and 87Rb cold
atoms.
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